Introduction
Let G be any profinite group and A an abelian profinite group. Let
be the graded Lie algebra associated to G by means of the lower central series
L n (A) be the universal graded Lie algebra associated to A (see §2 for exact
definitions). Any homomorphism ϕ of A into G/G (2) gives rise to a homomorphism ϕ * of L(A) into L(G).
In this paper we study the special situation that A is the profinite completion K × of the multiplicative group K × of a local field K, i.e. a field which is complete with respect to a discrete valuation with finite residue class field. The group G is the absolute Galois group G K of K and ϕ is the Artin isomorphism ofK × onto G K /G Using the Artin isomorphism, this determines an element τ ∈ L 2 (A(p)) ⊗ Z/p κ Z which is determined by G K up to a unit of Z/p κ Z. Our main result is the following theorem: Theorem 1.
The kernel of ϕ * (p) is the ideal of L(A(p)) generated by the elements of the form [ad(λ)(ζ), ad(λ)(τ )], where λ is an element of the enveloping algebra of L(A(p)).
E.-W. Zink [Zi1] , [Zi2] studied ϕ * 2 : L 2 (K × ) → L 2 (G K ) and showed that ϕ * 2 is an isomorphism. His main interest in [Zi1] , [Zi2] concerns the filtration (
K induced by the ramification groups G r K of G K and the inverse image of this filtration in L(K × ). His results were augmented by Cram [Cr] and Kaufhold [Ka] . But the results of these three authors are far from the goal of giving an independent description of {ϕ
There is of course a corresponding question for (ϕ −1 * n (L n (G K ) r )) r∈R + , but it will not be considered here. The present paper originated from the thesis of the second author [Ku] , directed by the first, and assisted by important suggestions of the third author. Section 5 was added by the third author.
Lie Algebras
In this section we introduce the necessary definitions and facts about groups and related Lie algebras.
2.1. Let k be a commutative, associative ring with unity and let A be a k-module. Let T (A) be the non-associative tensor algebra of A considered as k-module, i.e. 
T (A)
:
c ∈ T (A). Since this ideal is homogeneous, we have
and so L is a graded Lie algebra over k.
so that L is a covariant functor from the category of k-modules to the category of graded Lie algebras over k.
In the next section we apply this construction with k = Z to extend it to the case A is a profinite abelian group. If A is finitely generated, we recover the above construction with k =Ẑ, the total profinite completion of Z.
2.2. Now let A be a profinite abelian group and U the filtration of A given by the set of open subgroups of A. We define L n (A) as the projective limit of the groups L n (A/U ) with U ∈ U. Then A and L n (A) areẐ-modules. In the following algebra means alwaysẐ-algebra. The product of a, b ∈ L(A) is denoted by [a, b] . The functor L is a covariant functor from the category of profinite abelian groups to the category of profinite graded Lie algebras, i.e., graded Lie algebras (overẐ) whose homogeneous components are profinite.
2.3.
L n be any profinite graded Lie algebra. Then we have a natural
2.4. The proof of our main result (Theorem 1.1) is based on the comparison of various filtrations of a profinite group G.
A filtration of G is a sequence of descending closed subgroups G i , (i ≥ 1), such that the following conditions are fulfilled:
where [G i , G j ] denotes the closed subgroup of G generated by the commutators
The most interesting filtration is the descending central series (G (i) ), which is defined by induction:
One proves by induction that (G (i) ) is a filtration of G using the following well known rules for commutators (see e.g. [Hl] , 10.2), where x y means y −1 xy.
for f, g, h ∈ G. We associate to a filtered group G a graded Lie algebra L(G) as follows. By definition, the groups G i are normal subgroups of G. We put
It is easy to see that this definition does not depend on the choice of g and h in the classes g ∈ L n (G) and h ∈ L m (G) and that it defines the structure of a profinite graded Lie algebra on
by (1)-(5).
2.5. We restrict now to the special situation of a free pro-p-group F , where p denotes a prime number (see [Se2] , for the definition of F ).
Theorem 2.1. Let L(F ) be the Lie algebra associated to the descending central series of
Proof. Let F be the free pro-p-group with generator system {s i | i ∈ I} and let S be any finite subset of I. Furthermore, let F S be the factor group of F with generator system S. Then F is the projective limit of the groups F S and
S ) (resp. L n (F S )). Hence, it is sufficient to prove the theorem for free pro-p-groups F with finite generator rank N .
Let 
where µ denotes the Moebius function. This completes the proof of Theorem 2.1 since ψ is surjective. 2 2.6. The special filtrations (G i ) of a pro-p group G with the property
is an F p -Lie algebra with an extra homogeneous operator π of degree 1 defined by
Using induction over s one proves
This shows that π is linear for p > 2 and
Using (2), one proves by induction over s that 
We define the (κ, p)-filtration of F bŷ
The associated Lie algebraL =
In what follows, we will assume that p > 2.
In the same way one can define the filtration (F (n) ) by means of the valuation w of A which is given by
We define a filtration (B i ) of A:
We denote the associated Lie algebra byL = ∞ n=1L n . The Lie algebraL is a free Lie
Let L be the sub-Lie-algebra ofL generated by
We have the following structure theorem forL: 
Proof. An element in p hL n has the form x p hF n+1 with x ∈F (n) . Therefore,
where y n is a homogeneous polynomial of degree m in A. Furthermore, y ∈F (n+h) if and only if y n ∈ A n+h . This is possible only if each coefficient of the polynomial y n is divisible by p h . Hence y has the form
The proof of this proposition is a variation of the proof of Theorem 2.2. 2
Now we define the following maps ω h,n fromL
n onto π h L n , which allow us to compareL withL:
where the arrows denote the corresponding natural maps.
The Artin Map
We first recall some facts from class field theory (see e.g. [We] ) 3.1. A local field is a finite extension of the field Q p of rational p-adic numbers (case of characteristic 0) or a finite extension of the field F p ((x)) of power series in the variable x over the field F p with p elements (case of characteristic p). A global field is a finite extension of the field Q of rational numbers (case of characteristic 0) or a finite extension of the field F p (x) of rational functions with coefficients in F p .
Let K be a local or global field. Then one has a formation module A K associated to K, which is the multiplicative group K × if K is a local field and which is the idele class group of K if K is a global field. Furthermore, letÂ K be the profinite completion of A K . Then the Artin map is a canonical map from A K into the Galois group of the maximal abelian extension K ab of K, which induces an isomorphism
In the following we call φ K the Artin map. 3.2 Let K be a fixed separable algebraic closure of K and let G K be the Galois group of K/K. By 2.1-2.4, the map φ K induces a homomorphism of Lie algebras from L(Â K ) onto L(G K ), which will be denoted by φ K as well. We let φ K,n be the the component of degree n of φ K . Then φ K,1 is the usual Artin map. We call φ K the Artin map of L(Â K ).
3.3 Let G nil K be the Galois group of the maximal nilpotent extension of K in K. Then the kernel of the projection G K → G nil K is equal to the intersection of the groups G (n)
K is canonically isomorphic to the product of its l-components G K (l), this implies that L(G K ) is canonically isomorphic to the direct product of the Lie algebras L(G K (l)), where l runs through all primes. Similarly, the decompostion ofÂ K into the direct product of its l-componentsÂ K (l) yields a canonical decomposition of L(Â K ) as the product of the Lie algebras L (Â K (l) ). The study of the Artin map φ K therefore reduces to the study of its l-components
as l varies over all primes. The map φ K (p) and its p-component
are the subjects of our further investigations.
3. 4 We now restrict to the case that K is a local field of residue characteristic p. We denote the ring of integers of K by O K and the maximal ideal of O K by p. Hence A K = K × andÂ K is the direct product of a group (π) generated as topological group by a fixed prime element π, the group µ q−1 of roots of unity in K of order dividing q − 1, where q is the number of elements in the residue field, and of the group 1 + p of principal units in K. The group (π) is isomorphic toẐ, the total completion of Z, the group µ q−1 is cyclic of order q − 1 and the group 1 + p is a pro-p-group, where p denotes the residue characteristic of K. The group 1 + p is the direct product of a finite cyclic group and a free abelian pro-p-group.
The surjectivity of φ K implies the surjectivity of φ K (p) and φ K (p). The main goal in this paper is the determination of the kernel of φ K (p) and φ K (p).
3.5. In this section we consider φ K (p). We introduce the following notations: A profinite group G will be called a p-group if G is pro-nilpotent and all finite factor groups of G have order prime to p. Corresponding by a p-extension of K is a Galois extension of K with Galois group being a p-group. Proposition 3.
Let σ be an extension of the Frobenius automorphism of the maximal unramified p-extension of K and let τ be a topological generator of the inertia group of G K (p). Then G K (p) is generated as p-group by σ and τ and has one generating relation
Let σ and τ be the images of σ and
Proof. The structure of the group G K (p) is well known (see e.g. [Ko1] , p. 95). The relation (6) implies that any element of the form
with a i ∈ {σ, τ } is equal to 0 if at least for two of the a 1 , . . . , a n one has a i = τ . It follows that
is a generator of L n (G K (p)) and has order q − 1. 2 For the next proposition we introduce some further notation.
If α ∈ K × we denote by α the image of α under the map
Let µ q−1 be the group of roots of unity of order dividing q−1 and let ζ be a generator of µ q−1 . Furthermore, let π be a prime element of K. Then the pro-p-group K × (p) is generated by ζ and π. The elements of K × (p) are uniquely represented in the form
) generated by all the elements of the form [ζ, ad(π) n ζ], (n ≥ 1).
Furthermore let F = L(Z/(q − 1)Z ⊕ Z/(q − 1)). With these notations we have the following proposition. Proposition 3.2. As a graded Lie algebra M is isomorphic to the derived algebra of F and the kernel of the map φ
Proof. The natural projectionK
q−1 is a free Z/(q−1)Zmodule of rank 2 it follows that the restriction of φ to M is an isomorphism and
is the free graded Lie algebra with two generators over the ring Z/(q − 1)Z. Furthermore, we can choose σ and τ in Proposition 3.1 such that
Proposition 3.1 implies that for n ≥ 2 the group L n (K × (p)) is the direct sum of (ker φ K (p)) n and the cyclic group of order q − 1 generated by
This proves Proposition 3.2. 2
The Map φ K (p)
It remains to consider φ K (p). This is the main goal of the paper. We restrict ourselves to the case p = 2. 
Now let K be a local field of characteristic 0 which contains the p-th roots of unity. ThenK
, where N = [K : Q p ] + 2 and κ is the natural number such that N −1 , s N ) . In the following we identify G K (p) with F/R, where F is the free pro-p-group with generators s 1 , . . . , s N and R is the closed normal subgroup of F generated by r. The projection
We first study θ. With the identification
this study is a question of group theory. We introduce the following notations:
Let U be the enveloping algebra of L(F ) ( [Se1] ). Since the Z p -Lie algebra L(F ) is a free algebra generated by
we can identify U with the ring of polynomials in the non-commutative indeterminants σ 1 , . . . , σ N with coefficients in Z p . The ring U operates on L(F ) by adjoint action such that
We put
Let N (R) be the ideal of N (R) generated by the elements
Then N (R) is a generated as a Z p -module by the element p κ σ 1 together with the elements
with λ, µ homogeneous elements of U . The goal of this section is the proof of the following theorem:
) generated by σ 2 , . . . , σ N is a free Lie algebra over Z p on these generators. The corollary follows immediately from the fact that N (R) is a subset of the ideal of L generated by σ 1 .
To prove the theorem we first show that N (R) ⊆ N (R). Firstly,
and, to show that the elements of the form (10), (11) lie in N (R), we may assume that
and this implies [ad(λ)σ 1 , ad(λ)τ ] ∈ N 2l+3 (R) which shows that elements of the form (10) belong to N (R). In a similar manner one shows that the elements of the form (11) also belong to N (R).
To show that N (R) ⊆ N (R) we use a technique of [La3] consisting in the comparison of the κ-and (κ, p)-filtrations of F , where now κ is equal to the κ appearing in the defining relation r = s
We introduce the following notation as supplement to the notation in 2.7-2.8:
ThenÑ (R) is the ideal ofL generated by p κσ 1 and ad(λ)σ 1 ∧ ad(λ)τ for λ ∈Ũ , whereŨ denotes the enveloping algebra ofL.
The homogeneous componentN 2κ (R) contains the element The proof ofÑ (R) ⊆Ñ (R) is similar to the proof of N (R) ⊆ N (R). Let U be the enveloping algebra of L. Then U can and will be identified with the F p -subalgebra of the enveloping algebraÛ ofL generated byσ 1 , · · · ,σ N . Any non-zero homogeneous element λ ofL can be uniquely written in the form
Let I be the ideal of L generated byσ 1 and let N be the ideal of L generated by the elements of the form
Proof. Any element ρ ofN m (R) has the form ad(λ)(π 
is in the annihilator ofσ 1 . Therefore,
repeating the above argument, we get λ e ∈ ann(σ 1 ) + ann(τ ). which yields ρ ∈ π e N m−e . Otherwise, there is a j such that
Remark. Lemma 4.5 deals with the idealN (R) of the graded F p -algebraL generated by π κσ 1 +τ . It is easy to be seen that Lemma 4.5 is valid in the case p = 2 as well. This will be used in the proof of Theorem 5.1.
We consider now the homomorphism ω 0,n ofL n onto L n . By Proposition 2.5 its kernel is pL n . Furthermore, ω 0,n mapsÑ n (R) onto L n ∩N n (R) = N n . Hencẽ
More generally we prove by inductioñ
using the homomorphisms ω h,n . 
where I is the ideal of L generated byσ 1 . It follows that there is an element
n+h . Assume that we provedÑ (R) ⊆Ñ (R) + p hL for a certain h. We want to show
Hence there exists δ ∈Ñ n (R) such that ω h,n (ξ ) = ω h,n (δ), which implies that ξ − δ ∈ p h+1L n . and hence that ξ − (δ + ξ ) ∈ p h+1 which completes the inductive step. It follows thatÑ (R) ⊆Ñ (R) and hence thatÑ (R) =Ñ (R).
Since the grading ofL is only a rescaling of the grading of L it follows immediately that N (R) = N (R), i.e. Theorem 4.3. Now we consider the map
Then (see e.g. [Ko1] , Lemma 10.7.) there are elements α 1 , . . . , α N in K × such that
and α 1 is a root of unity of order
, the kernel of ψ, as an ideal of L(F ), is generated by p κ σ 1 as well. Combining our knowledge about θ and ψ we get the following result about the kernel of the Artin map. 
where U is the enveloping algebra of L(K × (p)) and
This yields Theorem 1.1 since, by Satz 7.23 of [Ko1] , the image of β in (L 2 (K × (p)))⊗ Z/p κ Z is equal to τ . Actually, as we shall see in section 5, the kernel of φ K (p) is a free Z/p κ Z-module as is the torsion submodule of L(G K (p)). We shall, moreover, give formulae for the ranks of these free modules. as graded F -modules. Now, by [La1] , Théorème 2, the Poincaré series of the enveloping algebra of L/(y) is 1 (1 − N t + t 2 ) = 1 (1 − β 1 t) (1 − β 2 t) ,
where β 1 + β 2 = N, β 1 β 2 = 1. If a n = dim F (L/(y)) n , we have (by the Birkhoff-Witt Theorem) n≥1 1 (1 − t n ) an = 1 1 − N t + t 2 , which yields by a standard calculation (see [Se1] , LA 4.5-4.6),
